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Abstract: In this paper, we investigate Smarandache curves according to type-2 Bishop 
frame in Euclidean 3- space and we give some differential geometric properties of Smaran- 
dache curves. Also, some characterizations of Smarandache breadth curves in Euclidean 3- 


space are presented. Besides, we illustrate examples of our results. 
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§1. Introduction 


A regular curve in Euclidean 3-space, whose position vector is composed by Frenet frame 
vectors on another regular curve, is called a Smarandache curve. M. Turgut and S. Yilmaz 
have defined a special case of such curves and call it Smarandache TBy curves in the space 
E} [10]. Moreover, special Smarandache curves have been investigated by some differential 
geometric [6]. A.T.Ali has introduced some special Smarandache curves in the Euclidean space 
[2]. Special Smarandache curves according to Sabban frame have been studied by [5]. Besides, It 
has been determined some special Smarandache curves E} by [12]. Curves of constant breadth 
were introduced by L.Euler [3]. 

We investigate position vector of curves and some characterizations case of constant breadth 


according to type-2 Bishop frame in E°. 


§2. Preliminaries 


The Euclidean 3-space E* proved with the standard flat metric given by 
<, >= dr} + dx3 + dx3 
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where (x1, £2, 3) is rectangular coordinate system of E3. Recall that, the norm of an arbitrary 
vector a € E? given by ||a|| = /<a,a>. ¢ is called a unit speed curve if velocity vector uv of 
y satisfied ||v|| = 1 


The Bishop frame or parallel transport frame is alternative approach to defining a moving 
frame that is well defined even when the curve has vanishing second derivative. One can 
express parallel transport of orthonormal frame along a curve simply by parallel transporting 
each component of the frame [8]. The type-2 Bishop frame is expressed as 


& 0 0 ET! & 
£5 fee OO <a) 2 oa | ke (2.1) 
B' Ely €9 0 B 


In order to investigate type-2 Bishop frame relation with Serret-Frenet frame, first we 
Bi=—TN = €4& + €2€9 (2.2) 
Taking the norm of both sides, we have 


K(s) = — r(s) =e? +3 (2.3) 


Moreover, we may express 


€1(s) =—TcosO@(s),  €2(s) = —T sin O(s) (2.4) 
By this way, we conclude 6(s) = Aretan =. The frame {£1, £2, B} is properly oriented, 
and 7 and 6(s) = i «(s)ds are polar coordinates for the curve a(s). 
0 
We write the tangent vector according to frame {&, €2, B} as 
T = sin 0(s)& — cos @(s)& 
and differentiate with respect to s 


T'=KN= _ 6'(s)(cos6(s)€, + sin O(s)£2) (2.5) 
+ sin @(s)£, — cos 0(s)& , 
Substituting €; = —¢,B and €, = —e2B in equation (2.5) we have 
KN = 6'(s)(cos 0(s)& + sin 0(s)&2) 


In the above equation let us take 0'(s) = K(s). So we immediately arrive at 


N =cos0(s)€, + sin 0(s)£9 
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Considering the obtained equations, the relation matrix between Serret-Frenet and the type-2 
Bishop frame can be expressed 


T sinO(s) —cos@(s) 0 & 
N | =| cos@(s) sinO&(s) O|-|] & (2.6) 
B 0 0 1 B 


§3. Smarandache Curves According to Type-2 Bishop Frame in E?® 


Let a = a(s) be a unit speed regular curve in E? and denote by {€¢, £5, B°} the moving Bishop 
frame along the curve a. The following Bishop formulae is given by 


ef = FB", Ef =—e$B%, BY = tet + 89 
3.1 €,.-Smarandache Curves 


Definition 3.1 Let a = a(s) be a unit speed regular curve in E® and {&¢, 5, B“} be its moving 


Bishop frame. €,€,-Smarandache curves can be defined by 


aot 


aise + &5') (3.1) 


B(s*) 


Now, we can investigate Bishop invariants of €;€-Smarandache curves according to a = 


a(s). Differentiating (3.1.1) with respect to s, we get 


- dB ds* —-1 
ta (REET RS @) Bo 
B arr wa + ef) 
(3.2) 
ds* —1 - 
where ds* j 
5s a 1. 
ae es + €3) (3.3) 
The tangent vector of curve @ can be written as follow; 
Tg = —B® = —(efey + €3€2') (3.4) 
Differentiating (3.4) with respect to s, we obtain 
dTg ds* Acts ri 2 
- ~~ = eG +2989 (3.5) 


ds* ds 
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Substituting (3.3) in (3.5), we get 


(ere? + e363) 


a 
2 
Then, the curvature and principal normal vector field of curve ( are respectively, 


2 


| v2 : 
||] =o = ey 8) + 8) 


i +é9 
1 CeO aca 
\— ——— = (ETS + ef&3) 
(et) + (€2) 
On the other hand, we express 


1 
Bg = ———=—==—— det| 0 0 -1 


(e?)” + (e$) 


So, the binormal vector of curve ( is 
1 aca aca 
Bg = selene — ef €) 
(et)” + (eg) 
We differentiate (3.2); with respect to s in order to calculate the torsion of curve 3 
y _— a 2 aaa a 
B= si l(e?) + fez |e 
re mee4 a 2 a a a a 
+ [eted + (69) J6F + lef + 3] }B%] 


and similarly 
=] 
B= Weieess + 6265 + 63B%) 


where 
; ? 3 2 
Oy=  8efeftefeSt2eleg- (eT) - (ef) ef 
f } ? 2 3 
bg= eVe$tePeS+3eSef-ef (eF)° - (€F) 
d3= ef tes 
The torsion of curve ( is 


cites f[(eg + 8) (eS + (€$)"]di — [Cet + £9) ((e9)? + eFe$)]d0} 


3.2 €,B-Smarandache Curves 


Definition 3.2 Let a = a(s) be a unit speed regular curve in E® and {&¢, 5, B“} be its moving 
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Bishop frame. €;B-Smarandache curves can be defined by 


B(s") = aa ta) 


(3.6) 


Now, we can investigate Bishop invariants of £;B-Smarandache curves according to a = 


a(s). Differentiating (3.6) with respect to s, we get 


- dB ds* —-1 
B caer a + eféf + FEF) 
ds* —1 
Tp = = EF BO + EGE + EF EF) 
where 
ds* _/2(ef)" + es)" 
ds 2 


The tangent vector of curve 7 can be written as follow; 
1 AaEea a a 
Ig = sores Pejts =e, 3B") 
2(et)” + (e) 


Differentiating (3.9) with respect to s, we obtain 


dT ds* _ 1 
ds* ds 


x (Hi Ey +M2és +3 B) 


3 
2 


where 
i= efeSeSte? (ef)? 
— 2 (68)? oO De %e% oA 19 (oO)? o0_9 ay\3 a a a\3 
a= (eq) ef-2eTePes +2 (ef) ef-2 (ef )” ef-ef (2) 
ps=  eFete$ — 2 (e%)* + (e%)? (e$)? — ef (e9)? 


Substituting (3.8) in (3.10), we have 


] v2 a a a 
Tg = ia (Mf t+ Hf + 3 BY) 


2 2 
[2 (ea)? + (€8)7| 
Then, the first curvature and principal normal vector field of curve (@ are respectively 


|z5| =Kg= bayer + 5 + B53 


1 
Neg = ss (1 + HF + HBO) 


Via + Be + BS 


(3.7) 


(3.8) 


(3.9) 


(3.10) 
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On the other hand, we get 
if a a (23 
Be rr | (Mn tt os) Ef 


a 2 a 2 
Voi tus +3 1/2 (ef) + (eX) 
— (MEP +usEt) ES + (u2ef-mies) BO] 


We differentiate (3.7) with respect to s in order to calculate the torsion of curve 3 


B= Ahr (et)? tether 


(a as | a a\2 a oe: a 
+ [-efeg + ef — (ef) les — ef BF} 


and similarly 
=] 
B= aT1€f + Pee + P3B%) 


J2 
where 1, 8 
Ty= -6e%e%-+e%+2 (e%)° 


: oa tae ae 3 
Tg= -2eFeS-efeS tes -2eSeS tet (eF)° -e%eFt+ (ef) 
T3= -ef 
The torsion of curve ( is 


[2 (et)" + (s)"1* 


ro geen 8 ‘a a 2 
> a a re res eat (es) hy 
AV2 (uit U3 +H3) 


-2( (ef . — ef Totefez-ef + (ef) )Ts]eg 
-[(e% — 2 (e9)")P's + efT Je} 


3.3 €,B-Smarandache Curves 


Definition 3.3 Let a = a(s) be a unit speed regular curve in E® and {&¢, 5, B“} be its moving 


Bishop frame. €2B-Smarandache curves can be defined by 


Als") = (+B) (3.11) 


Now, we can investigate Bishop invariants of £2B-Smarandache curves according to a = 
a(s). Differentiating (3.11) with respect to s, we get 


p=: = (-ef B® + ef Et + eFE3) 
qs ds (3.12) 
Ty = (etep + ef69 — 2B) 
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where 
ds* _ | (ef) +2(€$)" 
= wl 
ds 2 ee) 
The tangent vector of curve 3 can be written as follow; 
7, = SEAS — AB ‘ib 
2 (et) + (ef) 
Differentiating (3.14) with respect to s, we obtain 
dTg ds* 1 - A . 
8 = (m+ m3 +3 B°) (3.15) 
ds* ds ana a\2]2 
[(e#)? +2 (e8) 


where 


m= (€$)" ef + (ef) ef-etetes 
m= (ef )? egt 2 (€9 y- (ef) -2(ef) -3 (ef 3 (€3 )? 
Substituting (3.13) in (3.15), we have 


T3 = ines + mfx + 3B) 
[2(ea)? + (e2)"| 


Then, the first curvature and principal normal vector field of curve @ are respectively 


|r| V2./n2 + 13 + 13 
=Kg= Ts nab 
[te +2 (€9)7| 


1 
Ne =a (ET + T+ 3B") 


Vnt +5 +73 


On the other hand, we express 


1 
Be=—§_  ((meEF +39 ET 


2 2 
Vmtng+ngy/ (ef) +2 (ef) 


— (més +ns€t) €5'+ (met-mes) BO] 


We differentiate (3.12); with respect to s in order to calculate the torsion of curve 3 


B= pf{letertet — (ef) let 


+ [e9 — 2 (€$)7]és — 9B} 
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and similarly 


“ ] 
B= vans + méo + 3B) 


where 


m= ~e%eS — SeeMtett (€2)? ef + (e2)? 


N2= -Ae% e5 + ee + 2€5 


= “a 
13= -€9 


The torsion of curve (3 is 


a\2 ay274 : : 
T3= ry let + (e$ — 2 (e$)”)nslet 
12 +13 


a)2 aan ne a\2 
+[2 (e3)" mt+(eteg-ef + (ef) )n2 


+(-efe? tet )nslez} 
3.4 €€2B-Smarandache Curves 


Definition 3.4 Let a = a(s) be a unit speed regular curve in E® and {€%, £5, B®} be its moving 
Bishop frame. €f&2B-Smarandache curves can be defined by 


B(s*) = ae os 8) (3.16) 


Now, we can investigate Bishop invariants of €?€2B-Smarandache curves according to 


a = a(s). Differentiating (3.16) with respect to s, we get 


. dg ds* ” aca 
B= —— = Salle? + 8) BY — ef ef — 8 681 
(3.17) 
ds* t a aca 
Tg: —— = yallet + 62) es eTer — e365 )| 
where 
ds* —— [ (e®)? + ee + (c2)?] 
GS" aig p ANCL) ere Meg): (3.18) 
ds 3 
The tangent vector of curve @ can be written as follow; 

y = EASES — (+ of) Be (3.19) 


Q[(et)? + ees + (e$)”] 
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Differentiating (3.19) with respect to s, we get 


dT 3 ds* ALES +AZES +23 B® 
EY Ste (3.20) 
ds* ds YR a elas a2] 2 
2/2 [(e9) + efeg + (ef) 
where 
Ai= [ef-2 (ez)? -eFeS]u(s)-ef [2eGet tees Hef eS +2eF eF| 
Ao= [e$-2 (e$)” -eGe$]u(s)-e$ [et + ef eS + 2eFes] 
Ng=_ Le@-e8]Ju(s) tee [2eMe@ 4 BeMeS eM eh 4 2e8 9] 


+ effet (e8)° + 2 (€8)'] 
Substituting (3.18) in (3.20), we have 
i — MBO +A26F +3") 
pi 2 
4 (ea)? + eteg + (e$)"| 


Then, the first curvature and principal normal vector field of curve (@ are respectively 


V8) +2 +22 


|t5||="= 
4|(e9) + ETED + ($)"| 


(3.21) 
1 


Ng= 2 2 2 
Jr +3 +2 


On the other hand, we express 


(ArEf + A2és' + A3B%) 


1 
B= eet ] ce? c¥  -(e9 +e) 


alety tetest (2) VAP fg, 


So, the binormal vector field of curve ( is 


1 
Be {le + 87) 


Q[(eH)” tefe$t (€$)7] - RDB 
— ef Ag]EP+[—efAs-(eF + eS )]ES+[ePAn-eF \1] B7} 


We differentiate (3.20) with respect to s in order to calculate the torsion of curve 3 
y a 2 aca a a 
B= -yR {2 (et) Herer er 167 


cae 2 Ca a 8 a a a a a, 
+[2 eg)” tefeg-eS]ES'+ [eT + eg] B7} 
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and similarly 
ee 1 
B= -—s(o1 ff + 923 + 03B") 


i 
where - 
m= 4e%e{+3e%eS-eF-2 (ef)°- (ef)? fF 


m= Befe¥trefeStefe$-cF-2 (eF)°-f (e$)? 
n3= eFtey 
The torsion of curve ( is 
16[(ef)? tees +(e 7]? 


2 i t 2 
78 a rte 12 (62) tered-€8 Jor +Ceg-2 (ef)” -ee2 Joe 


+(2 (e%)? +eteS-e%)oglet+ LeS-2e%+2 (cf)? tefe$)or 


+(-2 (62)? Fe tet )on + (2 (e%)? teteS-eP)os]eg}. 


§4. Smarandache Breadth Curves According to Type-2 Bishop Frame in E® 


A regular curve with more than 2 breadths in Euclidean 3-space is called Smarandache breadth 


curve. 


Let a = a(s) be a Smarandache breadth curve. Moreover, let us suppose a = a(s) simple 
closed space-like curve in the space £3. These curves will be denoted by (C). The normal plane 
at every point P on the curve meets the curve at a single point @ other than P. 


We call the point Q the opposite point P. We consider a curve in the class [ as in having 
parallel tangents €; and €{ opposite directions at opposite points a and a*of the curves. 


A simple closed curve having parallel tangents in opposite directions at opposite points 
can be represented with respect to type-2 Bishop frame by the equation 


aX(s) = a(s) +A + yf +B (4.1) 


where X(s), p(s) and 7(s) are arbitrary functions also a and a* are opposite points. 


Differentiating both sides of (4.1) and considering type-2 Bishop equations, we have 


da* ds* dr d 
agp = (Sper + + (= + ner)ée 
ds ds ds ds d (4.2) 


+ (—Ae1 — Yeo 4 )B 
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Since €{ = —& rewriting (4.2) we have 


dy _ 1 ds* 
ds 1 ds 


dp 
ds 
dn 


—= vX1+ 96 
ds Pace 


= ges (4.3) 


If we call 6 as the angle between the tangent of the curve (C) at point a(s) with a given 


direction and consider “ =k, we have (4.3) as follow: 
8 


dX El 

ao Ma (8) 

dip €2 

Tees ai 4.4 
dé a eo) 
dn - El €2 

> CRs 


1 1 
where f(@) =6 + 6* , 6 =—, 6* = — denote the radius of curvature at a and a* respectively. 
And using system (4.4), we have the following differential equation with respect to A as 


dey kK a a da £1) 
dos 6, d0\K° d02 'K?2 « dO‘e,’ db k 
kK a? e;..dX 16, dey e? 
ee (ea ee Ry. 
Ade ede nde ee 


(4.5) 


ESS (cil Le pace, aac 


éo €1d0\ Kk’ dO? ‘é5 = nab 


2 2 
6 €1 ,d,K,d,€1, Ka ey 
—24—42—(—)—(—)+— — (—)]f (6) =0 
ea eg he i a eae ae 
Equation (4.5) is characterization for a*. If the distance between opposite points of (C) 
and (C™) is constant, then we can write that 


la* — al] = 2 + vw? +7? =P = constant (4.6) 


Hence, we write 


dy dy dn 
—— —— — — 4. 
Mg ap ae oo 


Considering system (4.4) we obtain 


d- f(0) =0 (4.8) 
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We write \ = 0 or f(9) = 0. Thus, we shall study in the following subcases. 


Case 1. A=0. Then we obtain 


=— f* soya = ff n@2ao) 2240 
ee es . ae (4.9) 
and ‘ 3 

df df T.osin?O = 

we op oe 4:10) 


General solution of (4.10) depends on character of 7 Due to this, we distinguish following 
K 
subcases. 


Subcase 1.1 f(@) = 0. then we obtain 


a, 40 
9 ¢, 

y = — f n—dé (4.11) 
5K 

6 6 
El E92 
= [ \—dé — 
n Ia, se 


Case 2. Let us suppose that ’ 4 0, p 40 ,n £0 and A, y, 7 constant. Thus the equation 
(4.4) we obtain 1 _oand 2 =0. 
K K 


Moreover, the equation (4.5) has the form a = 0 The solution (4.12) is X = Ine + 
L206 + L3 where L,, Lz and L3 real numbers. And therefore we write the position vector ant 
the curvature 

a* =at AG, + Aoke + A3B 


where A; = A, Ap = y and A3 = 7 real numbers. And the distance between the opposite points 
of (C) and (C*) is 
la* — al| = A? + AS + A} = constant 


§5. Examples 


In this section, we show two examples of Smarandache curves according to Bishop frame in E°. 
Example 5.1 First, let us consider a unit speed curve of E® by 


2 
B(s)= (= gutoa= — sibs), : 


Le Ae ees(05S) si 
306 cos(9s) +35 cos(25s), 136 sin(8s)) 
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Fig.1 The curve 3 = {(s) 


See the curve G(s) in Fig.1. One can calculate its Serret-Frenet apparatus as the following 


T = (# cos9s + # cos 25s, 4 sin 9s — 4 sin 25s, + cos 8s) 
N = (# csc 8s(sin 9s — sin 25s), — $3 csc 8s(cos 9s — cos 25s), *) 
B=(% 


(25 sin 9s — 9 sin 25s), —34(25 cos 9s + 9 cos 25s), —7 sin 8s) 


«K = —15sin8s and 7 = 15cos8s 


In order to compare our main results with Smarandache curves according to Serret-Frenet 
frame, we first plot classical Smarandache curve of (@ Fig.1. 


Now we focus on the type-2 Bishop trihedral. In order to form the transformation matrix 
(2.6), let us express 


s 


1 
O(s) =- / 15 sin(8s)ds = * cos(8s) 
0 
Since, we can write the transformation matrix 


T sin(2 cos8s) —cos(cos8s) 0 fi 
N cos(2cos8s) sin(2cos8s) 0 |° §2 
. 0 


0 1 B 
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Fig.2 €1€, Smarandache curve 


By the method of Cramer, one can obtain type-2 Bishop frame of ( as follows 


f= (sin 0(33 cos 9s — 2 cos 25s) + $7 cos @ csc 85(sin 9s — sin 25s), 
sin 0(3 sin 9s — 4 sin 25s) — #3 cos csc 85(cos 9s — cos 25s), 


1b 8 
Te sin # cos 8s + 7 cos A) 


f= (—cos0(3 cos 9s — 2 cos 25s) + $ sin 6 csc 8s(sin 9s — sin 25s), 
- cos 0(33 sin 9s — 2 sin 25s) — # sin @ csc 8s(cos 9s — cos 25s), 


15 8 
— 73. cos 4 cos 8s + 77 sin 6) 


B= ((25sin9s — 9sin 25s), —34(25 cos 9s + 9 cos 25s), —+2 sin 8s) 


where 6 = 2 2 cos(8s). So, we have Smarandache curves according to type-2 Bishop frame of the 
unit speed curve 3 = a(s), see Fig.2-4 and Fig.5. 


Fig.3 &€,B Smarandache curve 
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Fig.4 €)B Smarandache curve Fig.5 €,2B Smarandache curve 
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